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Abstract

Conditional probabili stic tables are used as a
means to estimate the future value of a signal
when  li ttle if any knowledge on the system that
gives rise to the signal is available. The size of the
probabilistic table, namely its dimension and the
quantization employed, determines its abilit y to
distinguish between very similar actual conditions
on the signal, and therefore, when correctly
selected, enables accurate predictions to take
place. In this paper, the maximum number of
point intersections  within an appropriate time
window that the signal induces on a zero slope
line forms the basis of an heuristic rule for the
selection of the dimension of the probabili stic
table.  The performance of tables with smaller and
larger than necessary dimensions are compared
against each other and also against two other
prediction schemes which involve linear observers
and a "zero-order hold" to be explained.

Key words: estimation, sampled-data signals,
non-parametric signal prediction.

I. Introduction

Prediction of the future value of a signal may
be accomplished by means of a probabili stic
scheme in which a table (to be called a
probabilistic table) collects information on the
past behavior of the signal and organizes it in the
form of discrete conditional probabili stic
distribution functions (pdf’ s) [1]. When faced

with certain actual conditions the scheme resorts
to the table to retrieve the appropriate pdf and
bases its prediction on it.

Probabilistic prediction of this kind may be
useful even when accurate models for the system
that generates the signal are available because the
operations involved when using a table are
primarily searches, updates and comparisons that
require no exhaustive nor intensive computations
and therefore could employ simpler and cheaper
microprocessors. However a trade-off between
memory size and computation power exists
depending on how the scheme is implemented and
how complex the signal to be estimated is.

In this paper, we test the validity of a
dimension selection rule based on the maximum
number of intersections that an appropriate time-
span of the signal to be predicted induces on a
zero slope line. Four template functions are used
to adjust a linear model in order to produce four
continuous waveforms to be fed as test signals to
the scheme.

Since models are available, we also compare
the accuracy of our probabili stic scheme
predictions with those of the linear observers  we
can derive from our knowledge of these models
[2]. This represents the best prediction conditions.
We also include the cheapest prediction possible
which is that of a "zero-order hold" where we
estimate the next value of the signal to be the
previous one. In all cases, quantization of the
signal is accounted for and quantization noise is
calculated for comparison purposes.

These results are then used to explain the
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ŷ 2
k 
 C 2x̂ 2

k

x̂ 4
k�1 
 (A	K 4�C 4) x̂ 4

k � C 4�y 4
k x̂ 4

0 
 x0
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maximum number of crossings rule and finally we
suggest ways in which it can be extended for the
non-periodic case.

II. Set-up and Base Signals

The parameters of the scheme are the
maximum and minimum bounds on the signals
which we set at 16 and -16 units respectively. The
units themselves are unimportant. Quantization
steps, on the other hand, are indeed of interest and
we test our signals for 16, 32, 64, 128 and 256
quantization steps but include only the results for
64 and 256 due to space limitations. The
dimensions of the probabilistic tables run from 1
to 10. The template signals are labeled W2, W4,
W6, W8, (see figures 1-4) according to the
maximum number of intersections they induced
on a zero slope line. Their period Tb was set to be
1 ms, so the base frequency is 1 kHz.

The number of harmonic components Nh to be
preserved from the template signals is set to 12.
We choose the sampling frequency fs to be 24
kHz (sampling period Ts of 1/ fs)  according to the
Nyquist criterion. This sets the number of samples
per period Nsp to be 24. A harmonic model was
used to generate the actual test signals:

with

and 

The continuous time t corresponding to a
particular discrete-time sample k is:

and

From this model we generated 10 periods of our
test signals y2, y4, y6 and y8. 
We also calculated gains K2, K4, K6 and K8 to
generate the observers:

The gains are calculated as to guarantee that all
the eigenvalues of the observers lie within the unit
circle and therefore the error should approach
zero (provided that no quantization noise existed)
asymptotically.

III. The Crossings Rule

When  using a conditional probabili stic table
for prediction, we are counting on the fact that,
based on previous observations, the actual
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behavior of the signal is followed by certain
subsequent behavior. For example, if our signal is
a constant we need only a 1-dimensional table that
gives us the probabilit y of the signal exhibiting, in
the next sample, a certain value. The only pdf
contained in the table will be highly peaked at the
value of the signal, indicating a strong chance for
the signal to remain as it is. 

In the case of a sawtooth waveform a 1-
dimensional table is not enough because the
resulting pdf is that of a uniformly distributed
process and each possible outcome (future value
of the signal) has identical probabilit y. A 2-
dimensional table, instead, will capture the nature
of the behavior of the signal because such a table
is sensitive to the slope of the curve: a certain
value is always followed by an specific value of
the signal. This, however, is a discontinuos
waveform that jumps abruptly from its maximum
value to its minimum. 

In a probabili stic scheme employing
probabilistic tables of d dimensions, d-1 of these
dimensions are associated to conditions occuring
in the signal: usually the last d-1 samples that
have been collected. A table fails to predict
accurately the next value of the signal when those
d-1 point to an ill -defined pdf (one that has more
than one maximum). For this to happen, it is
necessary that at least at two different times the
signal produce the same sequence of d-1 values
but is not followed by the same next value. In this
case, it is necessary to increment the dimension of
the table to eliminate the ambiguity. 

This implies that in order to find the
dimension of the table, we need to look at those
places where a sequence ) of  numbers  repeats
itself within the base period of the signal. In
particular, it means that the we may start with )
consisting of a single number (this is our constant,
zero-slope, line) and analize how many times it
intersects the signal. If it happens only once, a 1-
dimensional table should be enough for prediction
purposes. If it happens twice or more, we are sure
that we need a higher dimensional table so we
proceed to analize not only the intersections but
the slopes at the intersections. If we do not have
the same slope at two intersections, then a three-

dimensional table is enough, and so on. The
reason for selecting our line where it induces the
maximum number of intersections on the signal is
because, given the more interesections, we have a
greater chance of spotting longer sequences that
repeat themselves.

We can re-state this procedural rule in the
continuous domain by noting that slopes are
essentially derivatives. If we select a line that
produces the maximum number of intersections
within one period of the signal, we can locally
express the waveform at the intersecting points as:

If  am is the first coeff icient that is different at
different crossings, then the table requires at least
and at most m+2 dimensions. The  am’s  are
related to the derivatives of the function according
to Taylor’s expansion, so we are using the slopes
at maximum number of intersections to derive
knowledge about the appropriate size of our table.
For example, in the case of a triangular
waveform, a line induces two intersections and
the expansion (7) goes up to including the a1 term.
The slope (related to a1) however, is different at
the two interesections, so m=1 and our table
requires no more than 3 dimensions.

IV. Results

Our test signals y2, y4, y6 and y8 are our model
generated versions of W2, W4, W6 and W8

extended for ten periods. They have been
engineered in such a way that y2 has two
intersections and the first derivative serves to
distinguish between them (m=1); y4 presents four
intersections and in such a way that at least in two
points the signal and its first derivative are the
same and the distinguishing factor is the second
derivative (m=2); y6 has as its distinguishing
characteristic the third derivative (m=3) and y8 the
fourth (m=4). So we expect y2 to be predictable
using a 3-dimensional table, y4 a 4-dimensional
table, y6 a 5-dimensional table and y8 a 6-
dimensional table. This is indeed the case as can
be seen in Table 1.



The analysis includes the accuracy
(calculation of the error) of the scheme at
different quantization steps (N) and different
probabili stic table dimensions (d) and compares it
to our simple zero-order-hold (the worst case),
our linear observer and the best possible: only
quantization noise with perfect prediction
(unattainable).

The columns in this table show the signals y2,
y4, y6 or y8, the number of quantization steps
employed (valid for all schemes), the dimension
d of the probabili stic table and the error of the
predictions done with the probabili stic table (tbl),
the zero-order-hold (zoh), the model (mdl),
quantization noise alone (qn) and reduced-
sequence errors (rstbl, rszoh, rsmdl), obtained in
the same way as tbl, zoh and mdl but without
including start-up effects due to lack of
information or unknown initial conditions. 

In every case, we observe that a probabili stic
table of the right dimension gives the smallest
error possible and the right dimension is the one
we expected from previous considerations on the
nature of our test signals. 

We can also see from these tables that under
no other but quantization noise, the probabili stic
scheme performs as good as the linear observer if
the table dimension is the appropriate one.

V. Quasi-periodic Signals

When the signal under consideration is not
periodic we can still apply the crossings rule to
find out the dimensions of our table  provided we
select an appropriate time window to observe our
signal. Here we make use of the autocorrelation
function although, specially in non-linear systems,
a mutual information function might be a better
choice [3]. The time distance between two
maxima of the autocorrelation function is a good
indicator of the time frame to observe as long as
the signal is almost periodic, that is, the
autocorrelation function presents several maxima
which are almost the same distance apart.
Stationary processes, both in the strict and wide
sense [4], may seem to be the kind of signals for
which this holds true.

VI. Conclusions

Probabilistic schemes that collect information
from a signal can make as accurate predictions of
its future evolutions as model based li near
observers provided the tables they relay on are
selected appropriately. Two major parameters to
decide on are the number of quantization steps
and the dimension of the probabili stic table
employed by the scheme. Both of these affect the
accuracy of the prediction. The dimension of the
probabilistic table can be estimated by following
a procedural rule that we call the "crossings rule",
by which we select to start our analysis on those
points of the signal that repeat the most. Once
localized, the determination of the dimension of
the table amounts to the determination of the
number of coeff icients in a Taylor’s expansion of
the waveform that render that expansion localy
unique. Our experimental results seem to back up
this procedure.
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Table 1: Prediction error for the different schemes.

Signal N d tbl zoh mdl qn rstbl rszoh rsmdl
2 64 1 9.6871 2.9289 4.1711 0.1558 9.7702 2.7412 0.1555
2 64 2 3.4682 2.9289 4.1711 0.1558 3.2012 2.7412 0.1555
2 64 3 1.4590 2.9289 4.1711 0.1558 0.1555 2.7412 0.1555
2 64 4 1.4992 2.9289 4.1711 0.1558 0.1555 2.7412 0.1555
2 64 5 1.5418 2.9289 4.1711 0.1558 0.1555 2.7412 0.1555
2 64 6 1.5760 2.9289 4.1711 0.1558 0.1555 2.7412 0.1555
2 64 7 1.6015 2.9289 4.1711 0.1558 0.1555 2.7412 0.1555
2 64 8 1.6291 2.9289 4.1711 0.1558 0.1555 2.7412 0.1555
2 64 9 1.6586 2.9289 4.1711 0.1558 0.1555 2.7412 0.1555
2 64 10 1.6693 2.9289 4.1711 0.1558 0.1555 2.7412 0.1555
4 64 1 9.6535 4.7300 3.3846 0.1650 9.6869 4.6680 0.1644
4 64 2 4.5076 4.7300 3.3846 0.1650 4.0719 4.6680 0.1644
4 64 3 3.5057 4.7300 3.3846 0.1650 2.8365 4.6680 0.1644
4 64 4 1.8693 4.7300 3.3846 0.1650 0.1644 4.6680 0.1644
4 64 5 1.8997 4.7300 3.3846 0.1650 0.1644 4.6680 0.1644
4 64 6 1.9287 4.7300 3.3846 0.1650 0.1644 4.6680 0.1644
4 64 7 2.0823 4.7300 3.3846 0.1650 0.1644 4.6680 0.1644
4 64 8 2.2311 4.7300 3.3846 0.1650 0.1644 4.6680 0.1644
4 64 9 2.2557 4.7300 3.3846 0.1650 0.1644 4.6680 0.1644
4 64 10 2.2792 4.7300 3.3846 0.1650 0.1644 4.6680 0.1644
6 64 1 9.0292 5.3499 4.0205 0.1604 9.0394 5.2131 0.1601



6 64 2 4.9058 5.3499 4.0205 0.1604 4.6417 5.2131 0.1601
6 64 3 3.0020 5.3499 4.0205 0.1604 2.3080 5.2131 0.1601
6 64 4 3.0048 5.3499 4.0205 0.1604 2.3080 5.2131 0.1601
6 64 5 2.1077 5.3499 4.0205 0.1604 0.1601 5.2131 0.1601
6 64 6 2.2047 5.3499 4.0205 0.1604 0.1601 5.2131 0.1601
6 64 7 2.2123 5.3499 4.0205 0.1604 0.1601 5.2131 0.1601
6 64 8 2.2169 5.3499 4.0205 0.1604 0.1601 5.2131 0.1601
6 64 9 2.2182 5.3499 4.0205 0.1604 0.1601 5.2131 0.1601
6 64 10 2.2208 5.3499 4.0205 0.1604 0.1601 5.2131 0.1601
8 64 1 8.0492 7.0462 2.9698 0.1916 7.9194 7.0656 0.1928
8 64 2 6.7684 7.0462 2.9698 0.1916 6.6482 7.0656 0.1928
8 64 3 6.4085 7.0462 2.9698 0.1916 6.2447 7.0656 0.1928
8 64 4 6.4185 7.0462 2.9698 0.1916 6.2447 7.0656 0.1928
8 64 5 3.8577 7.0462 2.9698 0.1916 3.3456 7.0656 0.1928
8 64 6 2.5257 7.0462 2.9698 0.1916 0.1928 7.0656 0.1928
8 64 7 2.7295 7.0462 2.9698 0.1916 0.1928 7.0656 0.1928
8 64 8 2.7299 7.0462 2.9698 0.1916 0.1928 7.0656 0.1928
8 64 9 2.7379 7.0462 2.9698 0.1916 0.1928 7.0656 0.1928
8 64 10 2.7415 7.0462 2.9698 0.1916 0.1928 7.0656 0.1928
2 256 1 9.6488 2.8767 4.1686 0.0385 9.7319 2.6906 0.0384
2 256 2 3.4697 2.8767 4.1686 0.0385 3.2074 2.6906 0.0384
2 256 3 1.4298 2.8767 4.1686 0.0385 0.0384 2.6906 0.0384
2 256 4 1.4709 2.8767 4.1686 0.0385 0.0384 2.6906 0.0384
2 256 5 1.5117 2.8767 4.1686 0.0385 0.0384 2.6906 0.0384
2 256 6 1.5423 2.8767 4.1686 0.0385 0.0384 2.6906 0.0384
2 256 7 1.5703 2.8767 4.1686 0.0385 0.0384 2.6906 0.0384
2 256 8 1.5985 2.8767 4.1686 0.0385 0.0384 2.6906 0.0384
2 256 9 1.6268 2.8767 4.1686 0.0385 0.0384 2.6906 0.0384
2 256 10 1.6363 2.8767 4.1686 0.0385 0.0384 2.6906 0.0384
4 256 1 9.7207 4.6977 3.3812 0.0408 9.7623 4.6389 0.0406
4 256 2 4.5234 4.6977 3.3812 0.0408 4.0991 4.6389 0.0406
4 256 3 3.4953 4.6977 3.3812 0.0408 2.8362 4.6389 0.0406
4 256 4 1.8432 4.6977 3.3812 0.0408 0.0406 4.6389 0.0406
4 256 5 1.8728 4.6977 3.3812 0.0408 0.0406 4.6389 0.0406
4 256 6 1.9018 4.6977 3.3812 0.0408 0.0406 4.6389 0.0406
4 256 7 2.0580 4.6977 3.3812 0.0408 0.0406 4.6389 0.0406
4 256 8 2.2046 4.6977 3.3812 0.0408 0.0406 4.6389 0.0406
4 256 9 2.2292 4.6977 3.3812 0.0408 0.0406 4.6389 0.0406
4 256 10 2.2533 4.6977 3.3812 0.0408 0.0406 4.6389 0.0406
6 256 1 9.0770 5.3254 4.0178 0.0392 9.0928 5.1939 0.0391
6 256 2 4.8970 5.3254 4.0178 0.0392 4.6395 5.1939 0.0391
6 256 3 2.9877 5.3254 4.0178 0.0392 2.3029 5.1939 0.0391
6 256 4 2.9900 5.3254 4.0178 0.0392 2.3029 5.1939 0.0391
6 256 5 2.0829 5.3254 4.0178 0.0392 0.0391 5.1939 0.0391
6 256 6 2.1810 5.3254 4.0178 0.0392 0.0391 5.1939 0.0391
6 256 7 2.1894 5.3254 4.0178 0.0392 0.0391 5.1939 0.0391
6 256 8 2.1934 5.3254 4.0178 0.0392 0.0391 5.1939 0.0391
6 256 9 2.1944 5.3254 4.0178 0.0392 0.0391 5.1939 0.0391
6 256 10 2.1967 5.3254 4.0178 0.0392 0.0391 5.1939 0.0391
8 256 1 8.1008 7.0414 2.9646 0.0473 7.9869 7.0659 0.0476
8 256 2 6.7818 7.0414 2.9646 0.0473 6.6674 7.0659 0.0476
8 256 3 6.4180 7.0414 2.9646 0.0473 6.2603 7.0659 0.0476
8 256 4 6.4269 7.0414 2.9646 0.0473 6.2603 7.0659 0.0476
8 256 5 3.8075 7.0414 2.9646 0.0473 3.2976 7.0659 0.0476
8 256 6 2.5064 7.0414 2.9646 0.0473 0.0476 7.0659 0.0476
8 256 7 2.7117 7.0414 2.9646 0.0473 0.0476 7.0659 0.0476
8 256 8 2.7123 7.0414 2.9646 0.0473 0.0476 7.0659 0.0476
8 256 9 2.7195 7.0414 2.9646 0.0473 0.0476 7.0659 0.0476
8 256 10 2.7228 7.0414 2.9646 0.0473 0.0476 7.0659 0.0476


